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Abstract 

In this article, we consider a jump diffusion process (Xt) t>0 observed 
at discrete times t = 0, A, ... , nA. The sampling interval A tends to 
and nA tends to infinity. We assume that (Xt) t>0 is ergodic, strictly 
stationary and exponentially /3-mixing. We use a penalized least-square 
approach to compute two adaptive estimators of the drift function b. We 
provide bounds for the risks of the two estimators. 



1 Introduction 

We consider a general diffusion with jumps: 

dX t = b{X t )dt + a{X t )dW t +i{X t -)dL t and X = n (1) 
where L t is a centred pure jump Levy process: 

dL t — / z (/i(dt, dz) — dtv{dz)) 

J z£R 

with fi a random Poisson measure with intensity measure v(dz)dt such that 
fzeR z2v {dz) < oo. The compensated Poisson measure jl is defined by p,(dt, dz) = 
n{dt, dz)—v{dz)dt. The random variable rj is independant of (Wt, L t )t>o- Moreover, 
(W t )t>o and (£t){>o are independant. 

This process is observed with high frequency (at times t — 0,A,...,nA 
where A — > and nA —> oo). It is assu med to be ergodic, stationary and 
exponentially /3-mixing (see iMasuda (120071) for sufficient conditions). Our aim 



is to construct a non-parametric estimator of b on a compact set A. 

The non-parametric estimation of b and a fo r a diffusion proc ess observed 



with h igh-frequency is well-known (see for inst ance Irloff mana (1993) and lComte et 



( 2007| )). Diffusion processes with jumps are used in various fields, for instance 
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in finance, for modelling the growth of a population, in hydrology, in medical 
science, . . ., but there exist few res ults for the non-parametric estimation of b 
and a. IShimizu and Yoshidal (|2006h construct maximum-likelihood estimators 
of parameters of b and a. Their estimators reach the standard rates o f conver- 
gence : \J nA for the estimator of b, and yfn for the estimator of a. IShimizu 
(|2008l) and lMancini and Rend (1201 1|) use a kernel estimator to obtain non para- 
metric threshold estimators of a. [Mancini and Reno ( 2011 ) also construct a 
non-parametric thruncated estimator of &, but only when L t is a compound 
Poisson process. To our knowledge, minimax rates of convergences for non- 
parametric estimators of b, a or £ are not available in the literature. 

In this paper, we use model selection to construct two non-parametric estim- 
ators of b under th e asymptotic framework A — > and nA — > oo. This method 
was introduced bv lBirge and Massartl (|1998l ). 

First, we introduce a sequence of linear subspaces S m C L 2 (A) and, for each 
m, we construct an estimator b m of b by minimising on S m the contrast function: 



1 

fc=l 



(^feA - t(X kA )) where Y kA = 



X, 



(fc+l)A 



XkA 



We obtain a collection of estimators of the drift function b and we bound their 
risks (Theorem [lj . Then, we introduce a penalty function to select the "best" 
dimension m and we deduce an adaptive estimator Under the assumption 
that v is sub-exponential, that is if there exist two positive constants C, A such 
that, for z large enough, v([— z, z] c ) < Ce~ Xz , the risk bo und of brh. is exactly 
th e same as for a di ffusion without jumps (Theorem [2]) (see lComte et all (|2007l ) 



or 



Hoffmann! (|l999l )). 



In a second part, we do not assume that v is subexponential and we construct 
a truncated estimator b rn of b. We minimise the contrast function 



1 ™ 

ln{t) = -22i YkAl 



|YfcA|<CA 



t(XkA)) where C\ cx vAln(n) 



k=l 



in order to obtain a new estimator b m . As in the first part, we introduce a 
penalty function to obtain an adaptive estimator bm- The risk bound of this 
adaptive estimator depends on the Blumenthal-Getoor index of v (Theorems [3] 
and [J]). 

In Section [2 we present the model and its assumptions. In Sections [3] and 
[4j we construct the estimators and bound their risks. Some simulations are 
presented in Section [5] Proofs are gathered in Sections |6] and [71 

2 Assumptions 

2.1 Assumptions on the model 



We consider the following assumptions: 
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A 1. The functions b, a and £ are Lipschitz. 
A 2. 1. The function er is bounded from below and above: 
3(70) ci) Va; el, < oi < cr(a;) < uq. 

2. The function £ is bounded: 3£o, € 1, < £(x) < £o- 



3. The drift function b is elastic: there exists a constant M such that, for 
any \x\ > M: xb(x) < - \x\ 2 . 

4- The Levy measure v satisfies: 

/oo />oo 

z 2 v(dz) = 1 and / z 4 v(dz) < oo. 

-co J — oo 

Under Assumption A[TJ the stoch astic differentia l equation (JT|) admits a 



unique strong solution. According to iMasudal (|2007l ) , under Assumptions A[T] 



and the process (X t ) admits a unique invariant probability m and satisfies 
the ergodic theorem: for any measurable function g such that J \g(x)\m(dx) < 
oo, when T — > oo, 



? / 3 ^) ds ^ J g{x)w(di 



This distribution has moments of order 4. Moreover, IMasudal (|200^ also en- 
sures that under these assumptions, the process (X t ) is exponentially /3-mixing. 
Furtermore, if there exist t wo constants c and nn such that, for any x G 



£ 2 (a;) > c(l + then llshikawa and Kunital (|2006l ) ensure that a smooth 

transition density exists. 

A 3. 1. The stationary measure w admits a density tt which is bounded from 
below and above on the compact interval A: 

3tT , 7Tl, Vx G A, < TTi < ir(x) < TTq. 

2. The process (Xt) t>0 is stationary (rj ~ n7(rfa;) — ir(x)dx). 
The following proposition very useful for the proofs is proved later. 
Proposition 1. 

Under Assumptions ^Ql-^Q for any p > 1, i/iere exists a constant c(p) such 
that, if f R z 2p v(dz) < oo: 

E{ sup (X s -X t ) 2p ) <c(p)h. 
\se[t,t+h] I 
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2.2 Assumptions on the approximation spaces 

In order to construct an adaptive estimator of b, we use model selection: we 
compute a collection of estimators b m of b by minimising a contrast function 
J n (t) on a vectorial subspace S m C L 2 (A), then we choose the best possible 
estimator using a penalty function pen(m). The collection of vectorial subspaces 
(S m ) me ^ has to satisfy the following assumption: 

A 4. 

1. The subspaces S m have finite dimension D m . 

2. The sequence of vectorial subpsaces (S m ) m >o is increasing: for any m, 

3. Norm connexion: there exists a constant <pi such that, for any m > 0, any 
t G S m , 

llC < 4>iD m \\tf L * 

where \\-\\l 2 * s the L 2 -norm and \\-\\oo is the sup-norm on A. 

4-. For any raeN, there exists an orthonormal basis ("0a)apA °f such 
that 

VA, card (A',|| ^AlML ^ ®) < 4>o 
where (f> does not depend on m. 

5. For any function t belonging to the unit ball of the Besov space JJooi 
3C, Vm \\t - t m f L2 < C2' 
where t m is the L 2 orthogonal projection of t on S m . 
The subspaces generated by piecewise po lynomials, compactly supp orted 



wavele t s or spline functions satisfy AH] (see iDeVore and Lorenta (|l993| ) and 



Meverl (|1990T ) for instance). 



3 Estimation of the drift 

By analogy with lComte et all (|2007l ). we decompose Y k A in the following way: 
Y kA = X(fc+1) ^~ XkA = b(X kA ) + I kA + Z kA + T kA (2) 

where 

*(fe+l)A r (k+l)A 



hA = -r / (b(X s ) - b(X kA )) ds, Z kA = - / a(X 8 )dW s 

A JkA A JkA 

I r (k+l)A 

TkA = 1 r i(X s -)dL s . 

A J fcA 
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The terms Z^a and T^a are martingale increments. Let us introduce the mean 
square contrast function 



1 

ln(t) = -J2( Y kA-t(X k A)f (3) 

k=l 



and the empirical risk 



1 

M n (t) = \\t - b A f n where ||t||; - - ^ * 2 and t A = tl A . (4) 

fc=i 

We consider the asymptotic framework: 

A — > 0, nA — > oo. 

For any m € = {m, D m < f^„} where f^ 2 < nA/ln 2 (n), we construct the 
regression-type estimator: 

b m = arg mm j n (t). 

Theorem 1. 

Under Assumptions A[T}A[?J the risk of the estimator with fixed m satisfies: 

% n (b m ) < 37n \\b m - b A \\ 2 L2 + 48(a 2 + + cA 

nA 

where b m is the orthogonal (L ) projection ofb A over the vectorial subspace S m . 
The constant c is independent of m, n and A. 

Except for the co nstant (a 2 + £n) in the variance term, this is exactly the 
bound of the risk that lComte et all ([2007 ) found for a diffusion process without 



jumps. 

The bias term, \\b m — b A \\ 2 L2 , decreases when the dimension D m increases 
whereas the variance term (<Tq + £ 2 )D m /(nA) is proportional to the dimension. 
Under the classical assumption nA 2 = O(l), the remainder term A is negligible. 
Thus we need to find a good compromise between the bias and the variance term. 

Remark 1. If the regularity of the drift function is known, that is, if b belongs 
to a ball of a Besov space £$2<x>-> then the bias term \\b m — b A \\ L2 is smaller 
than D~i 2a . The best estimator is obtained for D mopt = (nA) 1 "^ 2 "' and the 
estimator risk satisfies: 

®n(b mo J< (nA)- 2Q/(2Q+1) +A. 
Let us introduce a penalty function pen such that : 

I \ \ I 2 i /-2 \ Dm 

pen(m) > n{a +4o)— T 

TiA 
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and set: 



m = arg mm 



\lnib m ) +pen(m)| . 



We will chose k later. We denote by bm the resulting estimator. To bound the 
risk of the adaptive estimator, an additional assumption is needed: 

A 5. 1. The Levy measure v is symmetric or the function £ is constant. 

2. The Levy measure v is sub exponential: there exist A, C > such that, for 
any \z\ > 1, uQ - z, z[ c ) < Cer x ^ . 

Theorem 2. 

Under Assumptions J$J\-J^ there exists a constant k (depending only onv) such 
that, if 3>l < nA/ln 2 (n); 



b fn - b A 



(» 



b A \\ 2 L 2 +pen(m)) + A + 



1 

?iA 



We can bound k theoretically, however, this bound is in practic e too large for 



the si mulations. In Section 5, we calibrate k by simulations fsee IComte et al 



( 20071 ) for instance). The adaptive estimator automatically realises the bias- 
variance compromise. Moreover, this is the same oracle inequality as for a dif- 
fusion process without jumps. 



4 Truncated estimator of the drift 

Truncated estimators are widely used fo r the estimation of the di ffusi on coeffi- 
cient o f a jump diffusion (see for instance Mancini and Reiidl ( 201 lh and lShimizu 



(2008)). Our aim is to construct an adaptive estimator of b even if Assumption 



^[5] is not fulfilled. To this end, we cut off the big jumps. Let us introduce the 
set 

Qx,k = {w, |-X"(fc+i)A — XkA\ < Ca} 

where C A = (b max + 3)A + (er + 4£o) VA ln(n) (with b max = sup xeA \b(x)\). 
Let us consider the random variables 



v> _ X (k+1)A - X kA 
YkA ^ 1 n x ,k 1 x k& eA- 



We recall here the definition of the Blumenthal-Getoor index: 
Definition 1. 

The Blumenthal-Getoor index of a Levy measure is 



(3 = inf < a > 0, / \z\ a v(dz) < oo 
1 J\*\<i 

A compound Poisson process has /3 = 0. 

We assume that the following assumption is fulfilled. 



G 



A 6. 1. The Levy measure v is symmetric. 

2. For \x\ small, v(dx) is absolutely continuous with respect to the Lebesgue 
measure (v(x) = n(x)dx) and: 

3j3 e [0, 2[, 3a , Vx e [-a ,a ], n(a;) < CaT^ -1 . 

TTiis implies that the Blumenthal-Getoor index is equal to f3. 

3. The function £ is bounded from below: there exists £i > such that, for 
any z G M, < fi < £(z). 

^. TTie functions a and £ are c £ 2 , and f cmd <r' are Lipschitz. 

We consider the following asymptotic framework: 

" A 0, A^l^H^O. 



ln 2 (n) 

The truncated estimator b m is obtained by minimising the contrast function: 



b m = arg min %(t) where %(t) 



1 



tes 



k=l 



Theorem 3 : Risk of the non adaptive truncated estimator. 

Under Assumptions ^Gr^[7] and for any m such that D m < S> n where £> 2 < 
nA/ln 2 (n): 



E 



b m - b A 



') < \\bm b A \\l + K 2 + e )^ + A 1 ^ 2 l* 2 (n) + i 



The terms of the rest depend on the Blumenthal-Getoor index and are larger 
than for the first estimator. Nevertheless, if L t is a compound Poisson process, 
then (3 = and we obtain (up to a logarithm factor) the same inequality as for 
the non-truncated estimator. 

Remark 2. If v is not absolutely continuous, we can prove the weaker inequality: 



E 



b m — b A 



< \\bm b A \\\ 2 + (a 2 + e a )^ + A^ln 2 (n) + ±. 



In that case, b m converges towards b A only if f3 < 1, which implies that v has 
finite intensity (J R \z\v(dz) < oo). 

Remark 3. Assume that b A belongs to the Besov space ^ m and that \\b A \\ag a < 1. 

The bias-variance compromise \\b m — b A \\ 2 L 2+D rn /nA is minimum whenm = log 2 (?iA)/(l + 2a), 
and the risk satisfies: 



E (Jb m - b A f\ < (nA)- 2a/{1+2a) + A 1 "^ 2 ln 2 (n) 



Let us set A ~ n 7 with 7 > 0. We have the following convergence rates: 
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first estimator 


truncated estimator 


u v ' — 4a+l 2 


A 




2a s s- 2a ^ 1 
4a+l — ' — 4a+l-£a-£/2 — 2(1-/3/4) 


(nAr 2a/(2a+l) 


A 1_/3 / 2 ln 2 (n) 


2Q + 1 , < <Y < 1 
4a+l-£a-£/2 — ' ^ 1 


(nA)- 2a/(2a+1) 


(nA) -2a/(2a + l) 



If we have sufficiently high frequency data (nA 2tyl ' 3 ^ 4 - ) = O(l)), then the 
rate of convergence is the same for the two estimators. 



To construct the adaptive estimator, we use the same penalty function as in 
the previous section: 

pen(m) > k (c 2 + Co) ^ 
and define the adaptive estimator: 

m = arg min < : y n {b m ) + pen(m) > . 

Theorem 4 : Risk of the adaptive truncated estimator. 

If Assumptions J^T\- and are satisfied, then there exists k such that, if 
®l < nA/ln(n): 



E 



bfn — OA 



< min 



b A f n +pen(m)) + A 1 ^/ 2 ln 2 (n) + 



The adaptive estimator automatically realises the bias/variance com- 
promise if the frequency of data is sufficiently high. 



5 Numerical simulations and examples 

5.1 Compound Poisson models 

We consider the stochastic differential equation: 

dX t = b(X t )dt + <j(X t )dW t + t{X t -)dL t 

where L t is a compound Poisson process of intensity 1: L t = Ci> with Nt 

a Poisson process of intensity 1 and (Ci)---)Cn) are independent and identic- 
ally distributed random variables independent of (Nt)- We denote by / the 
probability law of Q . 

Model 1: 

b(x) — —2x, o~(x) = £(x) = 1 and f(dz) = v(dz) = —Si + ^-i- 
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Model 2: 

„ — \\z\ J 

b(x) = -{x- 1/4) 3 -(.t + 1/4)\ a{x)=£{x) = l and f(dz) = v{dz) = . 

We can remark that the function b is not Lipschitz and therefore does not satisfy 
Assumption A[TJ 

Model 3: 

We consider the stochastic process of parameters 



3 + x 2 



1 + x 2 



b(x) = —2x + sin(3x), a(x) = = 
and 

f(dz) = u(dz) = \J^e-^^dz. 
Let us remark that v = / is not sub-exponential and does not satisfy A[5j 

5.2 Simulation algorithm (Compound Poisson case) 

We estimate b on the compact interval A = [—1, 1]. 

1. Simulate random variables (Xq,X a , . . . , X„a) thanks to a Euler scheme 
with sampling interval 6 = A/5. To this end, we use the same simula- 
tion scheme as iRubenthalerl (|2010^ . We simulate the times of the jumps 



(ti, . . . ,tjv, t~n+i) with tn < nA < tn + i and we fix Xq = 0. 
If 5 < n, we compute 

X s = Sb(X ) + VSa(X )N with A~^(0,1).. 

If Ti < <5, we first compute 

X Tt = nb(Xo) + ^<t(X )N + e(X )Ci 

with N ~ ^(0, 1) and £i ~ / is independant of AT. If J < T2, we compute 



X 5 = {5 - n)b{X Tl ) + y/S-naiX^N' 

else we compute 

X T2 = (r 2 - n)6(X Tl ) + V^n^(A ri )A' + £(X T1 )( 2 

where N' ~ ^(0, 1) and £2 has distribution /. A, A', £1 and £2 are 
independent. 

2. Construct the random variables 

YkA = x (k+1)A -x kA ^ = x (fc+1)A -x fcA XfcA£A- 
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3. We consider the vectorial subs paces S m . r generat ed by the spline functions 
of degree r (see for instance Schmissen (|2009al) ). In that case D m ^ r — 
dhn.(S m , r ) = 2 m + r. For r G {1,2,3} and m G JV n {r) = {m,D m , r < 
£t n }i we compute the estimators b m>r and 6 m . r by minimising the contrast 
functions j n and "f n on the vectorial subspaces S m ^ r . 

4. For the estimation algorithm, we make a selection of m and r as follows. 
Using the penalty function pen(m, r) :— pen{m) — k(ctq + £q)(2 to + r)/n A, 
we select the adaptive estimators bm.r and 6 r «.r, and then choose the best 
r by minimizing 7 n (&m,r) + pen(m,r) and J n (bm,r) + pen(rh,r). 

5.3 Results 

In Figures [T][31 we simulate 5 times the process (Xq, . . . , X n &) for A = 10 _1 
and n = 10 4 and draw the obtained estimators. The two adaptive estimators 
are nearly superposed, moreover, they are close to the true function. 

In Tables[T][31 for each value of (n, A), we simulate 50 trajectories of (Xo, . 
For each path, we construct the two adaptive estimators bfh,? and bm,f and we 
compute the empirical errors: 



err\ 



b A 



and erri 



b A 



In order to check that our algorithm is adaptive, we also compute the minimal 
errors 



emini = mm 



b A 



and emini — min 



b A 



and the oracles oraclei = erri/emirii. We give the means m a , f a , m a and f a of 
the selected values fn, f, rh and f. The value riski is the mean of err^ over the 
50 simulations and or^ is the mean of oraclei. 

The empirical risk is decreasing when the product nA is increasing, which 
is coherent with the theoretical model. For Model 1, the two estimators are 
equivalent. When the tails of v become larger (Models 2 and 3), the truncated 
estimator is better. The improvement is also more significant when the discret- 
isation path is smaller. As on the three models, the processes L t are compound 
Poisson processes, these results were expected. The truncated estimator seems 
also more robust: we don't observe aberrant values (like for the first estimator 
in Table [2]) . This aberrant value may be due to the fact that b is not Lipschitz 
and then b(XkA) may be quite large. 



6 Proofs 

Let us introduce the filtration 

&t = * (p, TOo< s <* , (£ s )o< s <t) • 
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The following result is very us eful. It come s from Dellacherie and Meverl (|l980h 
(Theorem 92 Chapter VII) and lApplebauml (|2004l) . Theorem 4.4.23 p265 (Kunita's 
first inequality). 

Result 1 (Burkholder- Davis- Gundy inequality). We have that, for any p > 2, 









p 








pt+h 


p/2 






E 


sup 


J a(X u )dW u 






< C p ^E 




J <7 2 {X u )du 






) 




s£[t,t+h] 





















and, if J R \z\ p u(dz) < oo, as ^z 2 v(dz) = 1: 



E 







p 




sup 


j i(X u -)dL u 






s£[tj+h] 









< c v 



+ C P E 



t+h 



p/2 



e{x u )du 



t+h 



\axu)\ p du 



\z\ p u{dz). 



6.1 Proof of Proposition [T] 

By Result [TJ there exists a constant c p such that: 

rt+h 



E 



sup (X s -X t ) 2p 

s£[t,t+h] 



< c(p) 
+ c(p)E 
+ c(p) (E 



v 2p 

\b(X s )\ ds\ 



t+h 



a 2 {X s )ds 

t+h 



t+h 



e(x s )d S i + / e p (x s )ds 



Then, as £ and a are bounded and b Lipschitz (and thus sub-linear) , there exists 
a constant C& such that: 



E 



sup (X s - X t ) 

s£[t,t+h] 



■2p 



< c(p) (a 2p h p + f p (h + h p ))+c(p)h 2p - 1 C b f t+h E [X 2p \ $ 



As (Xt) is stationary, we obtain the expected result 

6.2 Proof of Theorem [I] 

By © and gj, we get: 
1 " 

7nW = -V(nA-t(^feA)) 2 = 
n — ' 



1 " 

-^2(Y kA -b(X kA )) 2 + \\b-tf n 



fc=i 



fe=i 



+ - V(n-A - K^fcA)) (&(x feA ) - t(x feA )) 



fe=l 
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As, by definition, 7 n (^m) < 7n(^m) ; we obtain: 

6 m - 6 < ||6 m - bf n + - V (F fcA - &(X feA )) (6 m (X feA ) - & m (X feA ) 

fc=l 

By @, and as 6 m and 6 m are supported by A, 
2 ~ 2 



< \\b m - b A f n + - ^ (hA + Z kA + T kA ) (b m (X kA ) - b m (X kA )^j 



k=l 



Let us set introduce the unit ball 



m m = {te S m , \\t\\ a < 1} where \\t\\l = f t 2 {x)w{dx) 

J A 

and the englobing space = Umg^ Let us cons ider the set 



n n = i U, V* € 



11*11 



11*11 



- 1 



< 



where the norms |j.|| ro and ||.|| n are equivalent. 

Step 1: bound of the risk on O n Thanks to the Cauchy-Schwartz inequal- 
ity, we obtain that, on fl n : 



b m - b A 
where 



2 1 

< \\b m - b A \\ n +— 



bm b m 



n 1 

-12^4 2 A +- 



b ra b rn 



i - 

v„(t) = -J2{Z kA +T kA )t(X, 



k=l 



On O n , by definition, we have: 



'm u m 



< 2 



6a 



+2||6 m -6A||„ and 



kA) 



bm b m 



+12 sup 



(5) 



< 2 



Thus we obtain: 



b A 



<3||6 m -6A||'+24^4 2 A + 24 sup 



k=l 



The following lemma is very useful. It is proved later. 
Lemma 1. 1. E (i| A ) < cA and E (l£ A ) < cA. 

2. E ( Z kA \ ,<? kA ) = 0, E (Z 2 A | ,? kA ) < all A and E (Zj* A | & kA ) < c/A 2 . 
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3. E{T kA \^ kA ) = 0, E (T| A | J? feA ) < £ 2 /A and E (T fc 4 A | & kA ) < c/A 3 . 

By LemmaU E [l kA ] < A. It remains to bound E [sup t6 ^ ^nW] ■ We con 
sider an orthonormal basis ( ( fix)\ e \ of S m for the L^-norm with |A m | = D m 

Any function t £ S m can be written t = X^asA a x ( fi\ an d = SasA °a 
Then: 



sup v\ 



\{t) = sup V a x v n (tp\) 

sup E a * E < 

^a\<\ \xeA m / \AeA m 



= E U n(Vx) 
AeA m 

It remains to bound E (i/ 2 (^a))- By §5§, 

1 " 

E [^a)] = ^E E [^(^A)lE[(^A+^ A ) 2 |^ feA ]] 
k=\ 

2 " 

+ -j E E K^-a + T fcA Va(A^a)^a(A^ a )E [Z iA + T iA | J^a]] 



fc<z 



Thanks to Lemma [TJ the second term of this inequality is null and we obt 



am, 



fc=i 



Therefore: 







2 












n 



< 3 \\b m - b A \\ 2 n + 48(a 2 + e )^ + CA. 



Step 2: bound of the risk on The process (Xt) t>0 is exponentially 

/3-mixing, 7r is bounded from below and above and nA — > o o. The following 
result is proved for £ = for instance in Comte et all ( 2007 ). but as it relies 
only on the /3-mixing property, we can apply it. 



Result 2. 



Let us set e = (e A , • ■ • , e nA )* where e kA := Y kA -b(X kA ) = IkA+Z kA +T kA 
and U rn Y = U m (Y A , Y nA )* = (b m (X Q ), b rn (X nA )j where II m is the 
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Euclidian orthogonal projection over Sm . Then 



b A 



= \\n m Y - b A \\ 2 n = \\n m b A - b A f n + \\n m Y - n m b A \\ 2 n 

< \\b A f n + \\ef n . 



According to Lemma [TJ Result [5] and the Cauchy-Schwarz inequality, 



E 



Ml" Ins 



< 



(E[lrf,])' , ^p(n=))''-<^^-^< na 



1/2 



c 



c 



and, as b is bounded on the compact set A, 



E 



\b A \\lla«] < (e[||MI*]pR) 



1/2 1 



,3/2 • 



Collecting the results, we get: 



E b m - b A 



Ins 



< 



iA 



which ends the proof of Theorem [TJ 

6.2.1 Proof of Lemma [TJ 

By Proposition [JJ as b is Lipschitz, 



1 



e [4 2 a] = ^ 



(fe+l)A 



(b(X s ) - b(X kA )) ds 



< — E 
~ A 



fcA 
(fc+l)A 



C 

< — 

" A 



kA 
(fc+l)A 

fcA 



E 



(b(X s ) - b(X kA )) 2 ds 



{X s -X kA fds 



< cA. 

In the same way, we prove that E [l kA ] < cA. We have that 

»(fc+i)/ 



E[Z fc 2 A |^ feA ] =E 



1 r(K+L)l\ 



»kA 



< 



Moreover, by the Burkholder-Davis-Gundy inequality, we get 

\ 2 



C 



E[^a|^a] <-^E 



(fc+l)A 



a 2 (X s )ds 



A A 



< 



c 



k2 ■ 
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According to lApplebauml (|2004l ). Theorem 4.2.3 p224, 

E[r fcA |^A] = o 



and, as f R z 2 is(dz) = 1: 

E[Tf A | jr fcA ] = 
By Result [TJ we have 

E[T fc 4 A |je- feA ] < 



< 



i 

A 2 



(fc+l)A 



A A 





/ ,(fc+l)A 


A 4 


\JkA 


^E 


-( Ak+l)A 


A 4 


\JkA 


1 




A3 





<-(A\) / z 2 v{dz)ds < J. 



£ 2 (X S ) / z 2 v{dz)ds 



?(X a )ds 



z 4 v(dz) 



6.3 Proof of Theorem H 

The bound of the risk on is done exactly in the same way as for the non 
adaptive estimator. It remains thus to bound the risk on 0„. As in the previous 
proof, we get: 



brh - b A 



24 

< 3 \\b m ~ bA\\ n H IkA + 2pen(m) - 2pen(r 



fc=i 



+ 24 sup v 2 n (t) 

tTn > is the unit ball (for the L^-norm) of the subspace S m + S m >: 
3$m,m' = {t G Sm + S m > , < 1}- Let us introduce a function p(m, m') such 

that 12p(m, m') = pen(m) + pen(m / ). We obtain that, on f2„, for any m € 



where 



It remains to bound 
E 



24 

< 3||6 m -6^||„ + — ^4 2 A +4pen(m) 
fc=i 

+ 24 sup (z/ 2 (i)-p(m,m)). 



sup v n (t) — p(m,rh) 



< 



sup f„(t) — p(m, m') 



For this purpose, we use the following proposition proved in lApplebauml (|2004T ) 
(Corollary 5.2.2 ). 
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Proposition 2 : exponential martingale. 

Let {Y t ) t >o satisfy: 



Y t = f F s dW s + f K s dL s - f \^-+ f (e KsZ - 1 - K s z) v{dz 
Jo Jo Jo I * Jr 



ds 



where F s and K s are locally integrable and previsible processes. If for any t > 0, 



E 



e K ° z - 1 v{dz)ds 



< oo, 



10 J\z\>l 

then e Yt is a ^t-local martingale where ^ t — o~(W s , L s , < s < t). 

For any e < E\ := (A A 1)/ (2 \\t\\ £o) where A is defined in Assumption A03 
for any t > 

/ / (exp(et(X kA )£(X s )z) - 1) i/(dz)l se ] k A,(k+i)A]ds < oo. 

Jo J\z\>l 

Let us introduce the two Markov processes 

n pt 

A s , t := e 2 ^t 2 {X kA ) I o- 2 (X s )l se]kAAk+1)A] ds 
k=o J ° 



and 



n pt p 

B £ .t -=y2 / ( ex P (et(X kA )£(X s )z) - et(X kA )£(X s )z - 1) l se ] kA ^ k+1 ) A ]v(dz)ds 
k=0 Jo Jr 



and the following martingale: 



pt n 

M t = / J2 ^se]kA,(k+i)A]t{X kA -) (a(X s )dW s +£(X s -)dL s ) . 
Ja k=0 



By Proposition [2l 



> .- := sM s - A, s - B StS 



is such that e e > s is a local martingale. 

Bound of A £ . s and B £ . s . We obtain easily that A £iS < A e / n+ u A < s 2 nA \\t\\ n a 2 . 
Under Assumption ASJ £ is constant or v is symmetric, and therefore 

B e , s < B £y{n+1)A < / (exp(et(A feA )Co2 ; ) - £t(X kA -)£ z - V)v(dz). 

As L z 2 j/(<iz) = 1, for any a < 1, 

l ,i 

(exp (az) — az — 1) v{dz) < a 2 z 2 u(dz) < a 2 . 
-l i-i 
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Moreover, by integration by parts, for any a < (1 A A)/2, 

/ {exp{az)-az-l)v{dz) < (e a - a - 1) v([l, +00 [) + (e" Q + a - l) z/(] - 00, -1]) 
■/[-i,i] c 

/+00 
a(e az - l)v{[-z,z] c )dz 



< 2^ ([ -i,in + c e --^ T -^-ij<cv. 

Then B E , S < nAe 2 £ 2 ||£|| 2 . There exists a constant c such that, for any s < £1, 

Bound of P ^f n (t) > r/, ||i|| 2 < £ 2 ^j • The process cxp(y et ) is a local martin- 
gale, then there exists an increasing sequence (tat) of stopping times such that 
limAr^co rjv = 00 and exp(Y" e t/\T N ) is a ^-martingale. For any e < e\, and all 
N, 

E := P (m ( „ +1)AAtn > nA V , \\tf n < ( 2 ) 

t cnA £ 2 (a 2 +£ 2 )C 2 \ 



< P ^M(„ +1 ) AAtjv > nA?7, A ( „ +1 ) Aatjv + S(„ +1 ) AAtjv < 

< E (cxp(r £;(rl+1)AArjv )) exp -nAr/e + 



(1-e/ei) 

cnA £ 2 (e o +<r 2 o) C 2 \ 



(1-e/ei) 

As exp(>^ tATJV ) is a martingale, E(exp(Y" £itATJV ) = 1 and 

cnAe 2 (e 2 + ^)C 2 \ 



_E < exp —nArje + 



(1-e/ei) 



Letting AT tends to infinity, by dominated convergence, and as v n (t) = nAM(„ +1 ) A , 
we obtain that 

F (u n {t) > „, Ml < C 2 ) < exp {-nA^e + ^ ® + ? ) . 

It remains to minimise this inequality in e. Let us set 

»7 

e 2 C ( ( T 2 +e 2 )c 2 /A + ? 7/ £l <£l - 

We get: 
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The following lemma concludes the proof. It is proved thanks to a L%, — L°° 
chaining technique. See IComtd (|200lh . proof of Proposition 4, and iSchmisserl 
( 20101) . Appendix D.3. 



Lemma 2. 

There exists a constant n such that: 



E 



sup v^it) — p(m, m!) 



r>3/2 ^_ 



where D = dim(S' m + S m i ). 

As J2d D 3 / 2 e-^ < Y,t= k 3/2 e-^ < oo, we obtain that 



sup u n (t)-p(m,m) 



sup ul(t) -p(m,mf) 



< 



. ^ 2 +^o 2 
nA 



6.4 Proof of Theorem [3] 

We recall that 

«x,fe = [u, |^(fc+i)A - A feA | < C A = (*W + 3) A + (<r„ + 4£ ) \/Aln(n)} 
Let us introduce the set 



,fc = {«, ^A = 0} 



where N kA is the number of jumps of size larger than A 1 / 4 occuring in the time 
interval ]kA, (k + 1)A]: 

N' kA = n (]kA, (k + 1)A] , [-A 1 /*, A 1 / 4 J . 



We have that 



Y kA = Y kA ln Xk t XkA £A 

= b A (X kA ) - b A (X kA )l n c ( kn ( XkAeA) + IkA^n X:k n(x kA eA) + %k& + T kA 
+ {Z kA + T kA ) ln x , k na% k n(x kA eA) + E ( (Z kA + T kA ) ln x , k nn N , k n(x kA eA) 



where 



Z kA - Z kA t nx kn n N , k n{x kA eA) - E ( ■Z'feAln x>fc na N , fc n(x fcA GA) | ^a) 



and 



r fe A - 7fc A ln x , fc nf2 lv , fe n(x fcA eA) ~ E (TjtAlax^nnN.fen^AeA) | ^a) 
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As previously, we only bound the risk on n n . Let us set 

1 n 

*n(*) := - Y] *(**a) f^fcA + T fcA 
n f — ' V 

We have that 



k=l 



fe=i 



ln„ < 3 1 1 fe m - 6a||„ + 24 sup £ 2 (t) + 

t£-5g m n 



r2 , 1,2 
i l 



feA 



&K^feA)lf 



224 



fc nn^ fc n(x fcA eA) 



fe=i 



224 



^{E[(Z kA +T kA )l n 



x,fcnn Nifc n(x fcA GA) 



^a])' 



fe=i 



The following lemma is proved later. 

Lemma 3. 1. P{fl c xk n (X kA G A)) < A 1- ' 3 / 2 . 

2. P(fW n n^, fc n {x kA g A)) < A 2 -* 3 / 2 . 

5. (E [(Z fcA +T fcA ) ln N , k nn x , k n(x k& eA)\^kA}) 2 < \n 2 (n)A^/ 2 . 
According to Lemma [TJ E(/ 2 A ) < Ak. As b is bounded on the compact set 
A, E \b\(X kA )l n o x J < P(fi£ jfc ) < A 1 -* 9 / 2 . Moreover, on O x , fe) 



(Z feA +Tfe A ) ln Xifc n(x fcA eA) 



X(k+1)A — XkA 



M^a) - hA ln x >k ^x kA eA 



< 



ln 2 (n) 
A 



+ b 2 A (X kA ) + I 2 A 



and then 

E := E 

< 



(Z kA +T kA ) ln Xtk nn- Nk n(x k& eA) 
ln 2 (n) 



+ b 2 max p (o X)fe n n c N k n (A feA g a)) + e ( 

^a) 



< ln 2 (n)A 1_ ^ /2 . 

It remains to bound E (sup te ^ m ;> 2 (i)). In the same way as in Subsection 
we get: 



tess„ 



sup vl{t)\ < ]T E(j> 2 (^ a )) < 



2D r , 



AeA m 

< ^E(Zl + Tl)<2(at + { l 



Z 2 A +f 2 A 
2\ Dm 
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6.4.1 Proof of Lemma [3] 

Result 3. Let f3 be the Blumenthal-Getoor index of L t . Then: 

v{[-z,z] c ) < , f x 2 v{dx) < z 2 ~P and f x A v{dx) < z 4 "' 3 . 

J \x\<zAao J \x\<zAao 

The constant ao is defined in 

Bound of ¥(£l c x k n (X kA £ A)). We have: 

F(n Xtk n(x kA eA))=F({\x {k+1)A -x kA \>c A }n(x kA eA)). 

We know that X {k+1)A - X kA = b(X kA ) + I kA + Z kA + T kA . Then 



P (Q c Xtk n {X kA £ A)) < P (|AI fcA | > A)+P [\AZ kA \ > CT VAln(?i)J+P [\AT kA \ > £ VAln(n) 

(6) 

By a Markov inequality and Lemma [1] we obtain: 



'(|A4 A | > A) < 



E A 2 I, 



2 t2 



kA) 



A 2 



< A. 



(7) 



By Proposition [21 the process exp J Q * o~(X 8 - )dW s — c 2 J * a 2 (X s )ds^ is a local 

martin gale (as a is bounded, it is in fact a martingale, see lLiptser and Shirvaev 
(|200lh . pp 229-232). Then, by a Markov inequality: 



AZ kA \ 



(8) 



(\AZ kA \ > aoVAm(n)) < -I 

To bound inequality (jB]), it remains to bound p(|AT fcA | > £oV Aln (™))- Let 

1 r {k+1)A ... 
- / £(X.-)dL« 

A JkA 



us set 



T^=T$+Tg + 2]<2 where T« = - 



with 



Lf > = 



zfi(ds,dz) , L 



(2) 



(3) 



J[-A!/4,Al/4]c 



J[-A 1 / i ,-VS\U[VA,A 1 / 4 

zp,(ds, dz). 



zp,(ds, dz) 



Let us set A^ A = fi (]kA, (k + 1)A], — v/A, ) . By ResultEJ we have: 



( 



rp(2) , T (3) 



>o =pnv fcA > i < Au 



a,Va 



< A 1_/3 / 2 . 
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It remains to bound 



AT, 



(i) 



> 2£ vAln(n) 



. We have that: 



AT, 



(i; 



A- A 



> 2£ V Aln(n 



< 21 



(fe+l)A 



exp [e aX s -)dL^)>n 2 ^ 



A A 



By Proposition [21 for any s, 



-)-l-Ez£(X a -))v(dz) 



D t := exp [ e f £(X s -)di« -If (exp( E ^(X. 

\ JkA JkAJ\z\<VA 

is a local martingale. Let us set e = l/(2^oA 1 ' 2 ). There exists an increasing 
sequence of stopping times tn such that, for any N, 



F := 



1 



exp 



2&AV2 



(fe + l)AAT N 



A A 



< n 1 exp 



(fc+l)AATjv 

A A 



£(X a -)dLWj >n 



exp 



1 



2CoAi/2 



'|z|<VA 

n~ 1 exp\2A f -^-z/(dz) ] < n" 1 exp f f z 2 v(dz)\ < n 



v(dz) 



When N — y oc, by dominated convergence, we obtain: 



(|aT«| >CoVAln(n)) < n" 1 . 



Bound of P (fi x , fe n fl c N k n (X feA G A)") . We recall that 
N' kA = /i (]*A, (fc + 1)A], [— A 1 / 4 , A x / 4 ] c ). We have: 



(9) 



^,fc = {^A = l}u{ 



^A>2 



} 



with 



(jVfcA = l) £ Al_,3/4 and F ( N 'kA > 2) < A 2 -^ 2 . 

Then P (fi^ n (N' kA > 2V) < A 2 -?/ 2 . We can write: 

n x , k n (x kA eA)n (N kA = if 



G 



< 



N kA = 1 



AT$+AT fcA 



,(3) 



.),({ 

By 0, ID) and ©, we obtain: 



AT^+AT fcA 



< 2C A 
> 2C A 



N' kA = l 



N' kA = 1} nQ x , fc n(x fcA e A) 



■({ 



AT* 2 ' -4- AT* 3 ' 



> 2C A 



< P 

< A + n 



A 



b A {X kA ) + I kA + Z kA 
1 



JV£ A = l} nflx, t n(i fcA ei)) 
> c A 
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It remains to bound J := 



( 



then 



AT, 



(3) 



A: A 



I Ik k A 1)A Z( X *- ) dL ^ I ^ & AV4 - Then ■/ < P ( A T$ > 6 A 1 / 4 - 2C A 



-(3) 



< 2C A \N kA = l . IfN kA = 1 



Let us set uq — 



1-/3/2 



and a = (fo^o)" 1 (£iA 1/4 - 2C A ) • We have: 



J < P 1/J.QkA, (k + 1)A], [-a, a] c ) > 1] + P /jflkA, (fc + 1)A], [-a, -A 1 / 2 ] U [A 1 / 2 , a]) > n 

< Ai/([-a, a] c ) + A"V([-A 1 / 2 , A 1 / 2 ]")" 

< A^^ + A. 

Then P(il x ,k n O^ k ) < F(N' kA = ljA 1 -' 3 / 4 + P(N' kA = 2) < A 2 "* 3 / 2 . 



Bound of (E [ (Z feA + T kA ) l n? 



x,knn N , k n(x k &eA) 



and 



If a and £ are constants. Let us set E := (E [ (Z^a + 2\a) 1 



^x,fcnn Nifc n(x fcA eA) 



= {w,|/feA|<l,n|AZ fe A|<CToVAln(n),n|ATW|<2^o\ / Aln(n)} 
By dZD, © and @, P (Of J < A + n" 1 . Then, by a Markov inequality: 



E < A In 2 (n) + (E [ (Z feA + T kA ) l n 



x,*nn Nifc nn Iifc n(XfcA6A) 



^a]) 2 



Let us introduce the set £lzT,k '■= {w, |^a,-a + T\a| < CaA 1 — b max — l}. On 
O/^, |/fcA| < 1 and therefore: 

tt Z T,k n 0j i& c n Q. Itk Q {w, |z feA + r fcA | < CaA^ 1 + b max + 1} n fi /ife . 

Then 



Aln 2 (n)+F 2 + G 2 



where T = E[(Z feA +T feA )l 



fizT,*nn^ )fc nn Iifc n(x fc AeA) 



{Z k A + T kA ) 1 



G = E 
constants, the terms 

CO 



n lT fc nnx,fcnn Nl fenf2/, fc n(x fc AeA) 



^feA 
^feA 



and 

. As er and £ are 



Z/cA 



A 



(fc+l)A f 

dW s and T feA 

kA 



A. k 



(fc+l)A 



frA 



(3) 

are centered and independent. Then F = 0. Moreover, on fijy ki = Then 



\G\ 



< 



E 



■Z'fcA +^fcA + ^1) la X;fc nn| T fc nn w>fc nn J)fc n(x hA e^) 
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|G| 



< 



< ln(n)A- 1 / 2 , and 

e [CaA- 1 - b max - 1, CaA- 1 + b max + 1] i n ,. 



On f2 /;fc n fix,*, 

ln(rc) 

2^ j P g [CaA- 1 - *w - 1 - x, CaA" 1 + 6 ma:c + 1 - x] 1^,, 

T fc ( A € [CaA- 1 - & roM; - 1 - x, CaA- 1 + b max + 1 - x] t 

< {(T +2? )ln(n)A- 1 / 2 . Then 

sup P (Tj?2 G [C, C + 26 mox + 2]) 



On Or k , 



ZkA + T^2 G d.T 



ZkA + T kA 
ln(n) 



IGI < 



C>£ ln(n)A-!/2 



(10) 



(2) 

We recall that L\ ' is a compound Poisson process in which all the jumps are 
greater than \fK and smaller than A 1 / 4 . Let us denote by Tj the times of 
the jumps of size in [y/~A, A 1 / 4 ] and by £i the size of the jumps. We set a,j — 
£ lQ ~ 1 CA — Y%Zi d and c := £,o~ 1 {2b max + 2). Then, as £ is constant equal to £o : 



i? := 



(^a € [C, C + 26 ma:c + 2]) 

oo 

< P m jumps > \/A, last jump G [dj, dj + cA 

3=1 

< 2 sup P(ljump G [a, a + cA]) = 2A sup i/ ([o, a + cA]) . 



By Ad 



H <A sup 

a>\/A 



1 



(a + cA)' 



< Vaa 1 -^/ 2 



(11) 



and, by dTUJ) and (JTT]), 



£ < Aln 2 (n) 



ln 2 (n) 



AA 2 -* 3 < Aln 2 (n) + A 2 ^ ln 2 (r 



Remark 4- If v is not absolutely continuous, we obtain: 



E < A\n z (n) + {Av ([-a + cA, a - cA] c )) 2 < Aln^(n) + A 2-2 * 3 ln 2 (n). 



V 2-2/3 1^2, 



If a or £ are not constants. The problem is that Z^a and T^a are not 

symmetric and we can't apply directly the previous method. We replace them 
by two centred terms. The following lemma is very useful. 
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Lemma 4. 

Let f be a ff 2 function such that f and /' are Lipschitz. Let us set, for any 
te]kA,(k + l)A}: 

ip f (X kA ,t) = f(X kA ) (a(X kA ) [ dW s +£(X kA ) [ zfi(ds,dz)). 

\ JkA JkA / 



We have: 



E 



(f(X t ) - f(X kA ) - MXkA,t)f ln N , k lx k ^A 



Lemma 4 is proved below. Let us set 



ZkA = A 



(fc+l)A 



(o-(X kA ) + ^ a (X kAtS )) dW s 



I, A 



T, 



kA 



(fe+l)A 



kA 



ti{X kA ) + M X kA, s )) dLf and f kA = T^+f^+T^. 



The terms Z kA and T kA are symmetric. By lemma 21 



(Z kA - Z kA ) 1 Un t l XtA£ , 



We prove in the same way that 



A 2 



(fc+l)A 
kA 



< A 1 "' 3 / 4 . 



(<r(X s ) - a(X kA ) - if} a (X kAlS )) ds 

(12) 



E 



(T kA — T kA ) ln N k lx hA eA 



(13) 



Let us set U kA = A" 1 ^^-) J k ( A +1)A dLf\ By Result [Hand Proposition [TJ 



E 



A : 



E 



A- A 
(fe+l)A 

kA 



(Z(X S ) - £(X kA )f z 1 v{dz)ds 



< A 2 . 
(14) 



< 2£ VA~ln(n) + a} 



Let us introduce the set 

&i,k = {w, |Ife A | + \Z kA — Z kA \ + \T kA — T kA \ < 3} 
{|AZ fcA | < CT VAln(n) + A, |AT$ 

{|A(f^~[/ fcA )| <^ VA}. 
By ©, ©, ©, (HU), ([131), (0 and Markov inequalities, we obtain: 

F(Q c I<k ) < A 1 ~^+-. (15) 
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Then 



E 



{E[(Z kA +T kA )l 



n Xik na Ntk n(x kA eA) 



(16) 

2 



< A 1 "' 3 / 2 ln 2 (n) + (E [ (Z kA + f kA ) ln^nn^n^e^nQ,.* 
Let us introduce the set: 

&zr,k ■— {w, \ Z kA + T kA \ < CaA -1 — b. max — 3} . 

We have that 

&ztm n Q.i >k c Q x ,k n c {w, |ZfcA + f kA \ < CaA -1 + & TOaa: + 3} n £i Itk . 

Given the filtration & kA , the sum Z kA + T kA is symmetric. Then 



E 



(Z kA + T kA ) 1q 



cizt, fcnn Njfc n(x fc A eA) 



&kA 



= 0. 



Moreover, on Q N k , TP) = 0. Then, by (fTC|). 



where G := E 



H := E 



(i) 



^feA 



and 



We have 



l kA ~ i ' 1 kA J 1L nx, k nnzT,knn N , k nn'j Jc n(x k& eA) 

that H 2 < A- 1 ln 2 (n)P 2 (^J fc ) < A 1- * 3 / 2 ln 2 (n). The end of the proof is the 
same as in the case of a and £ constants. We obtain that 



\G\ 



< 



ln(n 



sup P (U kA e[C,C + 2b max + 6]) < VAA 1 ^/ 2 . 

A C>K ln(n)A-!/2 



6.4.2 Proof of Lemma [4] 



According to the Ito formula (see for instance I Applebauml (J2004J), Theorem 4.4.7 
p251), we have that 



f(X t ) - f(X kA ) = h+h+h+h 



where 



h 



t 

A A 
h 



f'(X s )a(X s )dW s I 



A A 



/cA J zGR 
h = 



(/ (X s - + z£(AV )) - f(X s - )) fi(ds, dz) 
f(X s + z£{X B )) - f(X s ) - z£(X s )f'(X s )] u(dz)ds 
[f(X s )b(X s ) + f"(X s )a 2 (X s )/2] ds. 



kA 



25 



By Proposition [1] for any <<(fc + l)A, we have: 



h-f(X kA )a(X kA ) I dW ! 

kA 



= E 



{a(X s )f(X s ) - a(X kA )f(X kA )) dW s 



kA 



f (a(X s )f'(X s ) - a(X kA )f'(X kA )f ds < A 2 

JkA 



We can write: 
E := E 



(h -f'(X kA )Z(X kA -) J^dLW + dL^j 1, 



< 2 



E 



'feA J\z\<A 1 / i 
ft 



E 



feA J^KA 1 '* 



(f(X s + z£(X a )) - f{X s ) - z^X s )f(X s )Y v {dz)ds 



z 2 (aX s )f'(X s ) - aXkA)f'(X kA )) 2 v{dz)ds. 



The function / is ^ 2 , then, by the Taylor formula, for any s € [kA,t], z E 
there exists ( s z in [X s , X s + z£(X s )] such that: 



/ (X s + z£{X a )) - f(X s ) - zt(X.)f(X.) 
Then, as £ and /" are bounded: 



2 e(x s ) 



f"(Cs, Z )- 



E 



(f(X s + z£(X„) - f(X s ) - zZ(X a )f(X.)y 



= — E 
4 



and, by Result El for any t < (k + 1)A, 



F := 

< A 



E 



feA Jlzl^A 1 /* 

zMdz) < A 2 ~ /3 / 4 . 



(f(X s + zt(X s ) - f(X„) - zZ{X„)f{X a )f v{dz)ds 



'Izl^A 1 /* 

The functions £ and /' are Lipschitz, then by Proposition [I] 



E 



z 2 (ax s )f(x s ) - i{x kA )f{x kA )y 



< 



(x s — x kA Y 



<Az 2 



and consequently, for any t < (k + 1)A: 



z 2 (aX s )f'(X s ) - aXkA)f'(X kA )f] v{dz)ds < A 3 ~?/ 2 



/feA J|2|<A!/4 

then E < A 2 ~^ 4 . By the same way, we obtain that 



E < E 



feA JlzlKA 1 / 4 



z 2 e(x s ) tttl 



f"(( s ,z) v[dz)ds 



< A 2 - fj /\ 
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The functions b and /' are Lipschitz and /" and a are bounded, then, for any 
t < 0+l)A : 

E [if] < A f (1 + E [Xf] ) ds < A 2 . 

JkA 

Then, for any t < (k + 1)A: 

E {(f(X t ) - f(X kA ) - V/PW))] < A 2 -^ 4 . 

6.5 Proof of Theorem [4] 

As previously, we only bound the risk on Q n . As in Subsection l6.3[ we introduce 
the function p(m, m') such that p(m, m') — 12(pen(m) + pen(m')). On f2 n , for 
any to € we have: 



Wn ~ b A 



< 3 \\b m - b A \\ 2 n + — £ b 2 A (X kA )l^ X k + 4a + 2 {Z 2 A + T fc 2 A ) l nx , k 
224 



. (K[(Z k A + T kA ) ln Xik nn z> „ \ Pha])' 



k=l 



+ 24 sup (p n (t) — p(m, to)) + 4pen(m). 



It remains only to bound E sup tg ^ m A (i> 2 (t) — p(to, to)) <J] m ,E sup tg ^ , (i> 2 (i) — p(m, m)) 
As in the proof of Theorem [2j we bound the quantity 



E 



exp [et{X kA ) [z kA + f kA 
We have that 

E [exp (et(X kA )Z kA ) | & kA ] < exp 



■^kA 



e 2 * 2 t 2 (X kA ] 
2A 



The truncated Levy process L t = J* Ji z i< A i/4 zfl(ds,dz) satisfies Assumption 
A[5]and then there exists a constant c such that: 

E [exp (et(X kA )T kA ) ln N , k \ J? kA ] < exp ( r: ~^ ' A '' A ! 



As Z kA TLQ N k and T^ln^ k are centred, we obtain: 
E [exp (e \t{X kA ) (Z kA + T kA )\) l nN k \ ,? kA ] < 2 exp 
and then 



E 



exp 



(e|t(X fcA )( 



Z kA + T kA 



&kA 



A(l-e/ £l ) 

' ce 2 K+^o 2 )t 2 (A fcA ) \ 
A(l-e/ £l ) ) 

'ce 2 (a 2 +e )t 2 (X kA y 



< 2 exp 



A(l-e/eO 



We conclude as in the proof of Theorem O 
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Figure 1: Model 1: Ornstein-Uhlenbeck and binomial law 
b(x) = —2x, cr(x) = £(x) — 1 and binomial law 
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Figure 3: Model 3: Sine function 
b(x) = -2.T+sin(3a;), <r(x) = £(x) = ^(3 + x 2 )/{l + x 2 ) jumps not sub-exponential 
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2 - 




-1 -0.8 -0.6 -0.4 -0.2 0.2 0.4 0.6 0.8 1 

- : true function -.-: first estimator . . .: truncated estimator 
n = 10 4 et A = 1CT 1 



Table f : Model 1: Ornstein-Uhlenbeck and binomial law 



b(x) = —2x, (j(x) — £(x) — 1 and compound Poisson process (binomial law) 







first estimator 


truncated estimator 


n 


A 


m a 


r a 


riski 


or i 


rh a 


fa 


riski 


or 2 




to- 1 





1.02 


0.044 


1.3 





1.02 


0.044 


1.3 


to 4 


to- 1 





1.02 


O.Ofl 


1.3 





1.02 


0.011 


1.3 


10 3 


\Q-' Z 





1.02 


0.55 


1.04 





1.02 


0.55 


1.04 


to 4 


IQ-' 2 





1 


0.047 


1 





1 


0.047 


1 


5.10 4 


\Q- 2 


0.04 


1 


O.OfO 


1.4 





1 


0.0053 


1 



m a , f a and m a , f a : average values of rh, f and m, f on the 50 simulations. 
riski and riski ■ means of the empirical errors of the adaptive estimators. 
or i and ori'. means of oracle ^empirical error of the adaptive estimator / 
empirical error of the best possible estimator. 
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Table 2: Model 2: Double well and Laplace law 



b(x) = -{x - 1/4) 3 - (x + 1/4) 3 , a(x) = £(s) = 1 and Laplace law. 







first estimator 


truncated estimator 


n 


A 


m a 


r a 


riski 


or i 


m a 


fa 


risk2 


or 2 


10 3 


io- 1 


0.02 


1.0 


0.12 


3.1 


0.02 


1.0 


0.12 


3.1 


10 4 


io- 1 


1.7 


2.1 


2.10 96 


51 


0.4 


2.1 


0.04 


1.5 


10 3 


icr 2 


0.26 


1.2 


1.8 


3.1 


0.06 


1 


0.51 


1.4 


10 4 


io~ 2 


0.12 


1.5 


0.16 


1.8 


0.08 


1.2 


0.13 


2.4 


5.10 4 


10~ 2 


0.30 


2.5 


0.035 


1.6 


0.26 


2.5 


0.019 


1.8 



m a , f a and m a , r a : average values of m, f and m, f on the 50 simulations. 
riski and risk2 : means of the empirical errors of the adaptive estimators. 
or i and ori'- means of oracle ^empirical error of the adaptive estimator / 
empirical error of the best possible estimator. 



Table 3: Model 3: Sine function and jumps not sub-exponential 
b(x) = -2x+sin(3x), a(x) = £(x) = y/(3 + x 2 )/{l + x 2 ) and v{z) cx e" 







first estimator 


truncated estimator 


n 


A 


fh a 


fa 


riski 


on 


fha 


fa 


risk2 


or 2 


10 3 


io- 1 


0.34 


1.2 


0.76 


3.6 


0.04 


1.2 


0.28 


1.9 


10 4 


io- 1 


0.8 


2.2 


0.082 


1.3 


0.68 


2.2 


0.073 


1.2 


10 3 


IO" 2 


0.96 


1.2 


18 


6.3 


0.02 


1.2 


1.3 


1.2 


10 4 


io- 2 


0.78 


1.4 


1.5 


4.3 


0.12 


1.4 


0.24 


3.3 


5.10 4 


io-' 2 


0.92 


2.3 


0.24 


4.3 


0.70 


2.3 


0.039 


1.3 



rh a , f a and rh a , f a : average values of m, f and m, f on the 50 simulations. 
risk\ and risk2 : means of the empirical errors of the adaptive estimators, 
ori and or2: means of oracle ^empirical error of the adaptive estimator / 
empirical error of the best possible estimator. 
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7 Auxiliary proofs 



7.1 Decomposition on a lattice 
Proposition 3. 

If there exist some constants c\, Ci and K independent of D, n, A, b and a 
and two constants a and f3 independent of n and D such that, for any function 
t G S m + S' m : 



Vt7,C>0, VteS m +S m , <CC, P /»(*)> V, \\t\r n <( 2 <Kexp 



rj 2 n(3 



( Cl a 2 C 2 + 2Cc 2 af]C) J ' 



then there exist some constants C and k depending only of v such that, if D < 
n[3: 



E 



sup flit) 



KCt 2 D 

n(3 



< CK- 



y 2 D 3/2 e -^D 

nf3 ' 



Let us consider an ortho-normal (for the L^-norm) basis ("0a) 
Sm,m' = S m ~\~ S m ' such that 

VA, card({A', H^vll ^0}) <0 2 . 

Let us set 

r m,m' — r— SUp 

We obtain that 



of 



52 M> 



A 

then 



^^I^UsupI^aIL et HVaIIoo < V-D ||^A|li» < ttiV-D ||^a| 



< r := 027Ti- 



We need a la t tice o f which the infinite norm is bounded. We use Lemma 9 of 
Barron et al\ (|l999h : 



Result 4- There exists a ^-lattice T k of L 2 ^ n (S m + S m >) such that 



\T k n, 



(5/<5 A 



, D 



where S k = 2 fc /5 . Let us denote by p k (u) the orthogonal projection of u on 
T k . For any u € S m . m >, \\u - Pk(u)\\^ < 4 and 

sup \\u- tW^ < f m ,m'h < r8 k . 
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Let us set Hk = ln(|Tfc n & m ,m'\)- We have that: 

H k < Dln(5/J fc ) = D(k\n(2) + ln(5/<f )) < C(k + 1)D. 

The decomposition of Uk on the ^-lattice must be done very carefully: the 
norms \\uk — Ufe-i|| ro and \\v,k — Ufe-illoo must be controlled. Let us set 

£k = {uk e T fe n^ TO;m /, ||M-ufc|| ro <4 et < f£ fe }. 

We have that ln(|<^|) < i/fc. For any function u € £$ m ,m< , there exist a series 

(uk)k>o e rife ^ sucri that 

oo 

M = MO + ^2 (Uk - Wfe-l) • 
fc=l 

Let us consider (rjk)k>o and ?7 € K such that 7/ + X^fcLi % — V- We obtain: 



. uesg 



where 



sup |/„(u)|>iH < P 



/n(«o) + ^ /n(«fc - Mfe-l) 



fe=l 



fe=i y 



fe=i 



p i= E P (I/«( M ")I > Vo) and P 2 , fc = J] P(|/ n (ufc-Ufc-i)| > Vk) ■ 



As u e T , ||u || ro < 1 and HuoH^ < rVrJ. Moreover, ||u ||^ < 3/2||u ||^ < 
3(5 /2. Then 

P(l/n(«0)| >Vo) =P(|/„(U0)| >Vo, hofn < ^o/^) ■ 

There exist two constants c[ and c' 2 depending only on So and f such that 

P(|/n(«o)| > Vo) < ^ exp (- . ) . 

Let us set xo such that ryo = a (\/ c 'i (xo/W) + c^VD (xo//3)^ . Then: 

«o < 

and 
Then 



'(f n (u ) > Vo) < K cxp (-nx ) ■ 



P\ < K ^ exp (— nx a ) < K exp (H — nx a ) . 



(18) 



(17) 



32 



We have that 

IK " Uk-i\\l < 2 (||«- u k ^\\l + \\ u -u k \\l)< 55 2 k _j2 

then 1 1 life — < 15Su_i/4l. As Uk-i,Uk € $k-i x <^fc: it follows that 

1 1 life — Ufc-ill^ < 5(5^_ 1 f 2 /2. There exists two constants C3 and C4 such that: 

P« (|/n(«fe - w fe _i)| > r? fe ) = P„ M/„(wfe - u fe _i)| > ?7fe, ||u fe - ttfc-i||^ < 15<5fc_ 



< Jfexp 



Let us fix Xk such that 77^ = Sk-ia (^\/C3 (xk/f3) + C4 (xfc//3)J . We obtain: 

Sjb < ^ 

C3« 2 <5fe_i + 2c 4 a4-i 

and 

P(|/n(«fc - Ufc-i)| > Vk) < K cxp(-nxfc) . 
Then, P 2 ,fe < if exp (Hk-i + H k - nx k ) and 
00 00 

P2 = P ^k <KJ2^P (Hk-! +H k - nxk) . (19) 
fe=i fc=i 

Let us set r > and choose (xk) (and then (%)) such that 

(y/Dnxo = Hq + D + t 

\nx k = il fe _i + H fc + (fc + 1)L> + r. 

Collecting the results, we obtain, by (fTT)) . (fT5|) and (| 10[) : 

P ( sup I /„(«)| > 77 ) < C* (e~ D e- T + e-^e- T/V °) . (20) 
Ue» mm , y v ' 

It remains to compute r/ 2 . We denote by C a constant depending only on Sq 
and f . This constant may vary from one line to another. We have that: 



1 /*o . /r^o 



Let us recall that iT fc = C(fc + 1)£>. Then, na; fc = C(3A; + 2)D + r , \TDuxq 
CD + t and 

£ 4^1* < _L £ 2-"- 1 '(G(3t + 2)£> + t) < C^ 1 - 

A: /l! 
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Moreover, 



k=o v 1 



D 



/nff 



As D/nf3 < 1, there exists a constant n such that 



?7 Z < na z ( — + 2 



n/3 ' n/3 ' n 2 /3 2 



Then, according to ([2U|) : 



D 



SUp /2( u )> Ka 2 ( +2— + 



Furthermore 



(21) 



E := E 



sup f 2 (u) - ko 2 — 

uem^ m , n-P 



D 



sup / («) >ks — + r dr 



Setting t = ca 2 (2y/n(3 + y 2 / 'n 2 j3 2 ) , it follows: 



e = cy 



sup > sa 2 ( — + 2 V 



V 



n/3 n(3 n 2 (3 2 J I \n(3 n 2 (3 



2y 



dy. 



By (ED, 



Ka -3/2 -^D 



< C—D 6 '*e 
np 
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